ABSTRACT. Motivated by some recent works due to Singh and Kumar and Ahmed, the main result of Imdad and Ali is generalized and improved by removing the completeness assumption besides weakening the quasi-coincidentally commuting property of the involved hybrid pair to S-weak commutativity. Some illustrative examples are also furnished to support the genuineness of our extension besides deriving some related results.
Introduction and preliminaries
The celebrated Banach Contraction Principle has been generalized and improved in various ways in recent years which also includes its extension to multivalued mappings due to Nadler [14] in 1969. The multivalued analogue of this principle is also sometimes referred to as Nadler Contraction Principle. Like other directions of metric fixed point theory, the remarkable work due to Jungck [9] also inspired vigorous research activity in the subdomain of multivalued fixed point theory which also includes results on hybrid pairs. Hybrid fixed point theory for nonlinear single-valued and multivalued mappings is a development within the multivalued fixed point theory which has already made a considerable progress. For the work of this kind, one can be referred to George et al. [4] , Imdad et al. [5] , Imdad and Ali [6] , Imdad et al. [8] , Kamran [10] , Liu et al. [13] , Popa [19] , Singh and Kumar [22] , Singh and Mishra [23] , Pathak [15] , Pathak et al. [16] , Pathak and Khan [17] and references cited therein. Towards the utility side, the results of this kind offer techniques for solving functional equations and optimization problems (e,g. [3, 24] ).
In 2000, Sastry and Krishna Murthy [20] defined the notion of tangential single-valued maps. Aamri and Moutawakil [1] , in 2002, rediscovered the notion of tangential maps and named it as property (E.A). The notion of property (E.A), defined later, is used very handy to prove new results on common fixed points. Inspired by the property (E.A), Singh and Kumar [22] obtained some common fixed point theorems under strict contractive conditions involving three or four mappings without the completeness or the compactness assumption. Very recently, Imdad and Ali [6] established a general fixed point theorem for hybrid contractions via an implicit function with a view to cover several contractive definitions in one go. Combining the ideas utilized in these two articles (i.e., [6, 22] ), in this paper, we prove a more general common fixed point theorem by removing the completeness assumption besides weakening the quasi-coincidentally commuting property of the involved hybrid pairs to S-weak commutativity. Our main result generalizes and improves the main result contained in [6] (i.e., Theorem 1.1 below) which in turn refines several previously known results. Some illustrative examples are also furnished to support our motivation besides establishing the genuineness of our extension.
Let X be a metric space with metric d. Then, for x ∈ X and A ⊆ X, d(x, A) = inf d(x, y) : y ∈ A . We denote by CB(X) the class of all nonempty closed bounded subsets of X, by CL(X) the class of all nonempty closed subsets of X. Let H be the generalized Hausdorff metric on CL(X) generated by the metric d, that is,
for every A, B ∈ CL(X). The function H defined on CB(X) is called the Hausdorff metric on CB(X) generated by the metric d. A point p ∈ X is said to be a fixed point of I : X → X (resp. S :
Ò Ø ÓÒ 1º ( [5] ) A hybrid pair of maps (I, S) with I : X → X and S : X → CB(X) is said to be quasi-coincidentally commuting if ISx ⊂ SIx for all coincidence point x of (S, I) and for each ISx ∈ CB(X).
Ò Ø ÓÒ 2º ( [5] ) A map I : X → X is said to be coincidentally idempotent w.r.t. a mapping S : X → CB(X) if I is idempotent at the coincidence points of (I, S), i.e., IIz = Iz for all z ∈ X with Iz ∈ Sz.
In 2000, Shrivastava, Bawa and Singh [21] defined the notion of compatible of type (N) of one single-valued mapping and one multivalued mapping. Kamran [10] , in 2004, rediscovered the notion of compatible of type (N) and named it as S-weak commutativity at a point.
Ò Ø ÓÒ 3º ( [10] ) Let S : X → CB(X) and I : X → X. The map I is said to be S-weakly commuting at x ∈ X if IIx ∈ SIx.
The quasi-coincidentally commuting property implies S-weak commutativity at x ∈ X of I as Ix ∈ Sx and ISx ∈ CB(X) imply IIx ∈ ISx ⊂ SIx but not conversely (see, Example 8 below). In recent years, the idea of implicit functions has been utilized very effectively to prove unified fixed point theorems enabling one to deduce several known results in one go besides yielding new results whose demonstration is available in [6, 18, 19] . Following [18] , let Φ be the family of real lower semi-continuous functions F : [0, ∞) 6 → satisfying the following conditions:
. . , t 6 and non-decreasing in t 1 , (G 2 ) Let k > 1 and there exists h ∈ (0, 1) with hk < 1 such that
For the sake of completeness, we enlist some examples which are essentially contained in Imdad and Ali [6] and Popa [19] . 
where 0 < 2α + 2β + γ < 1.
The following lemma is crucial in the proof of any result on fixed or common fixed points involving multi-valued mappings.
For the sake of completeness, we also state the following:
be a sequence of multi-valued mappings of a metric space (X, d) into CB(X), whereas I, J be self mappings of X. Suppose that (a 1 ) one of I(X) and J(X) is a complete subspace of X,
where k = 2n − 1 and = 2n for all n ∈ N (N := the set of all positive integers), One the other hand, Imdad and Ali [7] has made an observation which notes that one can relax the required containment of the ranges of the involved mappings in common fixed point considerations. In order to support this view point, Imdad and Ali [6] has also furnished an illustrative example besides proving a general common fixed point theorem via an implicit function. Motivated from foregoing observations, in this paper, we prove a result (i.e., Theorem 3 below) without conditions on suitable containment of the ranges of the involved mappings whereas our main result (i.e., Theorem 2 below) completely relaxes the completeness requirement.
Main results
Before proving our main result, we adopt Definitions 1-3 for nonself mappings as follows. In what follows we notice that the quasi-coincidentally commuting property implies S-weak commutativity at x ∈ Y ⊆ X but not conversely as substantiated by the following example.
It is clear that IIx ∈ SIx for all x ∈ Y . For x = 2, say, IS2 = [4, 81] and SI2 = [2, 65] . Therefore, I is S-weakly commuting at x ∈ Y but the pair (S, I) is not quasi-coincidentally commuting at x = 2 with I2 ∈ S2.
Remark 1º
If S is a single-valued nonself mapping, then S-weak commutativity at the coincidence points is equivalent to quasi-coincidentally commuting property as Ix = Sx implies IIx = ISx = SIx whenever Ix and Sx are in Y .
The following definition is a slight variant of [11, Definition 6] (also see [2] ). Clearly, if hybrid pairs (I, S) and (J, T ) share common property (E.A), then the pair (I, S) is J-tangential at a point t ∈ Y with respect to T whereas the pair (J, T ) is I-tangential at t ∈ Y with respect to S and also converse of this statement is naturally true. However, the occurences of any one of the earlier mentioned tangential property at a point need not insure the common property (E.A) of the involved pairs (I, S) and (J, T ). The following example supports this view point. In order to prove our main result, we employ a slightly different implicit function than the one employed by Popa [18, 19] . In order to describe it, let Ψ be the family of real lower semi-continuous functions F : [0, ∞) 6 → satisfying the following conditions.
Ò Ø ÓÒ 9º
(F 1 ) F is non-increasing in 3rd, 4th, 5th, 6th, (F 2 ) there exists h ∈ (0, 1) such that for every u, v ≥ 0 with 2 , where a ∈ (0, 1). 
where k = 2n − 1 and = 2n for all n ∈ N. Let lim
then we have from (1) and the property (F 1 ) of F that
Taking the limit as n → ∞, we obtain
In view of the property (F 1 ) of F ∈ Ψ, especially the non-increasing property in 3rd and 6th variables, we have from (2) that
From the property ( , we obtain that IIu k = Iu k and
(c 8 ) An analogous arguments to the one employed to prove (c 7 ) gives (c 8 ).
The proof runs on similar lines in the case that (J, S ) is I -tangential at z ∈ Y with respect to S k where = 2n for all n ∈ N, therefore, it is omitted.
Remark 2º
By setting Y = X in Theorem 2, we obtain a generalization of Theorem 1 in following considerations:
(i) the completeness of I(X) or J(X) is completely relaxed;
(ii) quasi-coincidentally commuting property of the pair (S k , I) is weakened to: I is S k -weakly commuting at u k ;
(iii) quasi-coincidentally commuting property of the pair (S , J) is weakened to: J is S -weakly commuting at u ; (iv) the set CB(X) is widened to CL(X).
By setting S k = S (for any odd integer k ∈ N) and S = T (for any even integer ∈ N) in Theorem 2, we obtain the following corollary for two hybrid pairs of mappings. 
ÓÖÓÐÐ ÖÝ 1º Let S and T be multi-valued mappings from a subset Y of metric space (X, d) into CL(X), whereas I, J be mappings from
Y to X. Assume that (a 7 ) the pair (I, S) is J-tangential at z ∈ Y with respect to T or (J, T ) is I-tangential at z ∈ Y with respect to S, (a 8 ) S(Y ) ⊆ J(Y ) and T (Y ) ⊆ I(Y ), (a 9 ) there exists a function F ∈ Ψ such that, for all x, y ∈ Y , F (H(Sx, T y), d(Ix, Jy), d(Ix, Sx), d(Jy, T y), d(Ix, T y), d(Jy, Sx)) ≤ 0.
Remark 3º
Taking Y = X, S = T and I = J = f in Corollary 1, we obtain a generalization of Theorem 4 contained in Popa [19] , which in turn deduces improved versions of several previously known results contained in Kaneko and Sessa [12] , Pathak [15] , Pathak et al. [16] , Pathak and Khan [17] and several others by restricting implicit function suitably. Now, we furnish an example to demonstrate the validity of the hypotheses besides establishing superiority of Theorem 2 over Theorem 1 (with k = 1 and = 2).
For all x, y ∈ Y , we find that
Thus, the implicit condition (1) is satisfied. Also, for all x ∈ Y ,
Therefore, I is S 1 -weakly commuting at x ∈ Y and J is S 2 -weakly commuting at x ∈ Y . Here, one needs to note that Theorem 1 is not applicable as the pair (S 1 , I ) is not quasi-coincidentally commuting. To substantiate this claim, take x = Motivated by Imdad and Ali [7] , we prove another fixed point theorem employing common property (E.A) and closedness of suitable subspaces which in turn relaxes the conditions on containment of range of a map into the range of the other.
, I and J be the same as in Theorem 2 which also satisfy the implicit relation described by (1) . Suppose that If the sequence {z n } converges to a point z ∈ Y and the mappings I, J, S n , n ∈ N, are continuous at z, then z is the unique common fixed point of I, J, S n , n ∈ N.
P r o o f. By Theorem 2, we obtain that z 2n−1 = Iz 2n−1 ∈ S k z 2n−1 and z 2n = Jz 2n ∈ S z 2n . Since the sequence {z n } converges to a point z ∈ Y , then the subsequences {z 2n−1 } and {z 2n } converge to z. Therefore, the continuity of the mappings I, J, S n , n ∈ N, at z gives that z is the common fixed point of I, J, S n , n ∈ N. Suppose that the mappings I, J, S n , n ∈ N, have another common This contradiction implies that z = w. This means that z is the unique common fixed point of I, J, S n , n ∈ N.
